We prove that if the minors of degree k of a Sobolev map R d → R d are smooth then the map is smooth, at least when k, d are not both even. We show how this result can be used to derive a simple, self-contained proof of the famous Liouville theorem for conformal mappings, under the weakest possible regularity assumptions, in even dimensions which are not multiple of 4. This is based on the approach taken in [1] . We also give a partial result for the case where both k, d are even, and discuss some open questions.
Introduction
We give here a partial answer, namely:
Theorem 1.1 (Regularity via minors) If k, d are not both even, then under the assumptions stated above, f is smooth. If k is odd, the assumption on the sign of the Jacobian can be omitted (but we still need
, which is morally equivalent to det d f 0. The latter requirement has only meaning almost everywhere.)
We also give some partial results in the case where k, d are both even.
The requirement on det d f > 0 a.e. (or its weak counterpart det d f ≥ 0 a.e.) is very common in the regularity theory of mappings (quasiregular, quasiconformal, of bounded distortion, etc.).
The motivation for studying this question is the following: There are natural situations in geometry and analysis, when one has accessiblilty only to information about the k-minors of a Sobolev map, for some specific value of k. It is then natural to examine what can be said about maps having regular minors. In particular, this setting occurs in the context of the regularity of weakly conformal maps.
The well-known Liouville theorem states the following:
Then f is either constant or a restriction to Ω of a Mobius transformation of R d . In particular, f is smooth.
There are various proofs of this theorem, none of them trivial; see e.g. [2, 3, 4] . For a more thorough survey, and for a presentation of various proofs under stronger regularity assumptions, see [5] .
In the seminal paper [1] , the authors proved a stronger version of Liouville's theorem under weaker regularity assumptions. polynomial combinations of derivatives of f ), they only use one specific corollary-that the Jacobian is smooth. By doing this, they recover a non-trivial problem, whose proof is not simple. This note proposes an alternative approach for completing the proof whereby every W 1,d/2 conformal map is smooth, relying directly on the smoothness of the d/2-minors.
The current version of theorem 1.1 allows us to deduce smoothness of W 1,d/2 conformal maps in the case where d is not a multiple of 4 (for "half" of the even numbers), under the slightly stronger assumptions det d f > 0 and
The reduction made in [1] is very elegant, and quite elementary (it only uses standard elliptic regularity results). By combining it with Theorem 1.1, I offer a self-contained regularity proof, which I hope would be more accessible to non-experts in regularity theory.
Even though the paper [1] is not short (53 pages), the part concerning the regularity result is in fact very short. To help bring this part into light, I reproduce in this paper the main argument, and point exactly where my result comes in, in the hope this would help future readers.
A proof sketch of Theorem 1.1 When k, d are not both even, 
is a diffeomorphism (the last statement requires showing that the image of ψ is an embedded submanifold). Composing the smooth map x → k d f x with the smooth inverse of ψ establishes the smoothness of f .
Thus the k-minors cannot distinguish between a map and its negative, so d f might "switch" between a linear map and its additive inverse, thus violating smoothness.
Structure of this paper
In Section 2 we prove Theorem 1.1. In Section 3 we discuss the necessity of the assumption k d f ∈ GL( k R d ) and the case where k, d are both even. We present some open questions, which arise naturally in these contexts. In Section 4 we present the reduction of the W 1,d/2 -case to the W 1,d -case following [1] , and explain where Theorem 1.1 can be used in order to "skip" the need to prove the W 1,d -case separately. Finally, in Section 5 we prove a lemma that is required in the proof of Theorem 1.1-if every k-dimensional subspace is invariant under a given linear map S, then S is a multiple of the identity map.
Proof of the main result
In this section we prove our main result on regularity via minors, Theorem 1.1 We begin with a few lemmas.
. . , Sv k }. By Lemma 5.1, S is a multiple of the identity, i.e., S = λ Id for some λ ∈ R. Then,
Proof :
We automatically obtain the following corollary:
is a smooth locally-injective homomorphism of Lie groups. In particular, ψ is an immersion. If k, d are not both even, it is also injective. The same holds for the other version of ψ, defined on matrices with negative determinant.
Proof : All the properties, except for the immersion property are obvious. The fact that ψ is an immersion follows from the (elementary) fact that every smooth locally-injective homomorphism of Lie groups is an immersion. ■
Lemma 2.4 Set H = Image(ψ). Then H is an embedded submanifold of GL(
k R d ).
This holds for both versions of ψ (on GL
Proof : Without loss of generality, we prove this claim for the case GL
. By the closed subgroup theorem it is embedded. Let A n ∈ GL + (R d ) and suppose that k A n converges to some element
Since the map A → k A is continuous, it suffices to show A n converges to some element in GL
Using the singular value decomposition, we may assume that
) is diagonal (since the orthogonal group is compact, the isometric components surely converge after passing to a subsequence). 
Now we have that
converges to a positive number. Since all the C n r1
converge, we deduce σ n 1 also converges. Without loss of generality, the same holds for every σ n i
, so A n converges to an invertible matrix. Let us show the limit A := lim n→∞ A n is invertible. Since
Now, we have all the preliminary results we need for proving the main result:
Proof :[Of theorem 1.1]
We prove this claim for the case GL
By Corollary 2.3, ψ is a smooth injective homomorphism of Lie groups and also an immersion. Denote H = Image(ψ). By Lemma 2.4, H is an embedded submanifold of GL(
The map
is smooth by assumption, and its image is contained in H. Indeed, since H is closed in GL(
However, we also know that on a set of full measure det d f > 0; for every x ∈ Ω where det d f x > 0 we clearly have φ(x) ∈ H. This implies
Since H is embedded, φ remains smooth after restricting the codomain to H. We then get that the map
is smooth. This establishes the smoothness of f .
Finally, we explain briefly why when k is odd the assumption on the sign of the Jacobian can be omitted. In that case,
is invertible, after restricting the codomain to be its image. ■
Discussion

On the necessity of the assumption
In our proof of theorem 1.1, we assumed that
everywhere on Ω. We used this assumption when we restricted the codomain of the map x → k d f x to H, (before composing it with ψ −1 ). The following example shows that this assumption cannot be omitted: Comment: This example is really "two-dimensional", arising from the map z → z 2 in the complex plane. This is a "thickened" version of it, in order to make it relevant to our context, which is dimension greater than two.
Open question: Does theorem 1.1 hold when removing the assumption 
Comment:
• Since the weak derivatives are continuous, the assumptions imply det d f 0 everywhere.
• Weak continuous derivatives imply C 1 .
Proof : Let x ∈ Ω. We shall prove f is smooth in a neighbourhood of x. Repeating the proof of theorem 1.1, we use the local injectivity of ψ instead of its global injectivity, which no longer holds. In other words, ψ is locally invertible, and the local inverse is smooth. Since x → d f x is continuous, and in particular well-defined in every point, we know "which branch of the inverse to choose". ■ 
Application to regularity of conformal maps
In this section, I present the reduction of the Liouville's theorem from the 
